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Abstract. Let (g, K)(k) be a CMC (vacuum) Einstein flow over a compact
three-manifold ¥ with non-positive Yamabe invariant (Y (X2)). As noted by
Fischer and Moncrief, the reduced volume V(k) = (_Tk)g Vol () is mono-
tonically decreasing in the expanding direction and bounded below by Viys =

(%Y(Z))% Inspired by this fact we define the ground state of the mani-
fold ¥ as “the limit” of any sequence of CMC states {(g:, K;)} satisfying: (i)
ki = =3, (ii) Vi | Vinf, (ill) Qo((gs, Ki)) < A, where Qo is the Bel-Robinson
energy and A is any arbitrary positive constant. We prove that (as a geomet-
ric state) the ground state is equivalent to the Thurston geometrization of
3. Ground states classify naturally into three types. We provide examples for
each class, including a new ground state (the Double Cusp) that we analyze
in detail. Finally, consider a long time and cosmologically normalized flow
(3, K)(0) = ((_Tk)z 9, (%) K), where o = —In(—k) € [a, 00). We prove that
if & = &£1((§,K)) < A (where & = Qo 4 Q1, is the sum of the zero and first
order Bel-Robinson energies) the flow (§, K)(o) persistently geometrizes the
three-manifold ¥ and the geometrization is the ground state if V | Vins.

1. Introduction

Consider a cosmological space-time solution g over M = X x (0q, 00), where X is
a compact three-manifold having non-positive Yamabe invariant Y (X).! Suppose
that the foliation {¥ x {¢}} is CMC and that o is the logarithmic time, namely
suppose that each slice ¥ x {o} is of constant mean curvature k = —e~?. Consider

This work was completed while the author was a Moore Instructor at MIT.

1 The Yamabe invariant (sometimes called sigma constant) is defined as the supremum of the
scalar curvatures of unit volume Yamabe metrics. A Yamabe metric is a metric minimizing the
Yamabe functional in a given conformal class.
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the Einstein (CMC) flow (g, K)(o) where g(o) and K (o) are the induced three-
metric and second fundamental form over each slice ¥ x {o'}. A natural question to
ask is the following. Suppose we observe the evolution of (g, K) at the cosmological
scale, then, is the long-time fate of (g, K) (at the cosmological scale) unique, and
if so, how can one characterize it? If the answer is yes, one would naturally call
the limit the ground state (at the cosmological scale) as any solution would decay
to it. In this article we will present partial answers to this question. We elaborate
on that below.

It is a simple but interesting fact that (with generality) one can interpret %’“
as equal to the Hubble parameter H of the “universe” (g, M) at the “instant of
time” ¥ x {o(k)}[14]. This cosmological interpretation of the mean curvature k
(or better of =) motivates the terminology of various notions that we describe in

3
what follows. Consider a CMC slice ¥ x {o}. At that slice the Hubble parameter

is thus H = 630 . For this particular value of H scale g as H?g. As it is easy to see,

the state (g, K) over the slice ¥ x {0} scales to the new state (§, K) = (H2g, HK).
In this way the Hubble parameter of the new solution H?g and over the same
slice will be equal to one. A state (§, K) with H = 1 (or k = —3) will be called
a cosmologically normalized state. The flow (§,K)(c) = (H2(0)g(o), H(0)K (o))
will be called the cosmologically normalized Einstein CMC flow* Note that the
volume of ¥ relative to the metric g is given by V(o) = H? (o) Voly(,) (). We will
call it the reduced volume. It is a crucial and central fact observed by Fischer and

Moncrief [8] that V is monotonically decreasing along the expanding direction and

3
it is bounded below by the topological invariant (—%Y(E)) 2. The reduced volume
is a weak quantity but its relevance is greatly enhanced if we take into account
at the same time the Lg norm of the space-time curvature Rm relative to the

CMC slices, namely the Bel-Robinson energy Qo = Qo((g, K)). Our first result in
Sect. 2 will be to show that, assuming a uniform bound in Qo the ground state
of the manifold ¥ is well defined and unique. In a geometric sense the ground
state is equivalent to the Thurston geometrization of ¥. Let us be more precise
on the definition of ground state (under a bound in Q) and its characterization.
By ground state we mean “the limit” (to be described below) of any sequence of
cosmologically normalized states {(g;, K;)} with Qo((gs, K;)) < A (A is a positive
constant) and V; | Vins. As is shown in the appendix, for any CMC state (g, K)
the Lg—norm of Ric is controlled by |k|, Qo and V and precisely by

IRic|2; < C(IkIY + Qo).

where C' is a numeric constant. It follows that the Ricci curvature of the sequence
{g;} is uniformly bounded in Lgi. Thus [1], one can extract a subsequence of
{(2,3:)} converging in the weak H>2-topology to a (non-necessarily complete)
Riemannian manifold (Yo, goo). We prove that the limit space (X, goo) belongs

2 Cosmologically normalized flows have been considered in [5] by Andersson and Moncrief. Note
however that the terminology Cosmologically normalized has been introduced in [15].
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to one among three possibilities (independently of the sequence {(g;, K;)}). In
general terms (see Sect. 2.1 for a more elaborate description of the ground state)
the three cases are:

1. (Called Case Y(X) =0), o = 0;

2. (Called Case Y(X) <0 (I)), oo = H is a hyperbolic manifold and go. = gn
(where gp is the hyperbolic metric in X);
3. (Called Case Y(X) < 0 (II)), Xoo = UZ'H; where {H,} is a finite set of

(non-compact) complete hyperbolic metrics of finite volume. The limit metric
Joo Over each H; is equal to gpr; (where gpr; is the hyperbolic metric of H;).
The two-tori transversal to the hyperbolic cusps of each manifold H; embed
uniquely (up to isotopy) and incompressibly (the 7; injects) in 3.

In the second and third cases K; converges to —gp ; weakly in H'. One can also
describe the notion of ground state in terms of geometrizations. This viewpoint will
be fundamental in Sect. 3. Recall that for any Riemannian space (X, g) the e-thick
(thin) part X¢ (X.) of X is defined as the set of points p in ¥ where the volume
radius® v(p) is bigger (less) or equal than e. Say now that {g(c)} is a continuous
(o € [og,00)) or discrete (o € {09g,01,...}) family of Riemannian metrics on X.
We say that {(X, §(0))} persistently geometrizes* ¥ iff there is €(o’) > 0 such that
E;((Z)) is persistently diffeomorphic to either, the empty set, or, the ¢(o)-thick part
of a single compact hyperbolic manifold ((H, gr)), or, the e(o)-thick part of a finite
set of (non-compact) complete hyperbolic metrics of finite volume (U=7 (Hy, Grrq))-
The e(o)-thin parts Y54 ¢(») on the other hand are persistently diffeomorphic to
either, the empty set, or, a single graph manifold (G), or, a finite set of graph man-
ifolds with toric boundaries (UZ7G;). In quantitative terms {g(c)} geometrizes 3
iff either
l. T4 (X) — 0 as o goes to infinity (in which case there is only one persistent
G piece) or
2. Vg () > 1o > 0 as o goes to infinity (in which case there is only one per-
sistent H piece) and there is a continuous function ¢ : (og,00) x H — X,
differentiable in the second factor, such that ||p*g(o) — §H||H§H — 0 as o goes
to infinity, or
3. the volume radius collapses in some regions and remains bounded below in
some others (in which case there are a set of G pieces Gy, ..., G, and a set of
H pieces Hy,...,Hy) and for any € > 0 and for any H piece (H;, Gu;) there
is a continuous function ¢; : (0¢,00) x Hf — ¥, differentiable in the second
factor such that ||¢}g(o) — gHi||H§HZ_ — 0 as o goes to infinity.

It is clear that cases 1, 2 and 3 above correspond, respectively, to the three possible
cases (1, 2 and 3) of ground states defined before.

3 Given a point p in ¥ the volume radius v(p) at p is defined as the supremum of all » > 0 such
that Vol(B(p,r)) > pr® for some fixed (but arbitrary) g > 0. We define v = infpexv(p) and
U = sup,exv(p). We will be using these definitions later.

4 We have taken this terminology from [11, Sect. 10].
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FIGURE 1. A schematic representation of the double cusp ground
state.

While it is easy to give examples of ground states of the type Case Y (X) =0
and Case Y (3) < 0 (I) (see Sect. 2.2) an example of the type Case Y(X) < 0
(I1) is more difficult to find. We dedicate Sect. 6 to describe a ground state of this
type. The new ground state, that we shall call Double Cusp, consists of a fam-
ily {%, (41, K;)} that we describe in what follows. The manifold ¥ is of the form
Y = H #GtH> where H;, i = 1,2 are (non-compact) hyperbolic manifolds with a
hyperbolic cusp each® and the manifold G is a so called torus neck G = [—1,1]xT?.
The family {(gl,f(l)} is parametrized by the metric “length” [ of the neck. As
| — oo the geometrization takes place. More precisely, as the length [ of G becomes
infinite, the volume radius 7(G) over G and the total volume of G collapse to zero.
Over the hyperbolic sector Hy, Hs instead, the metric ¢; converges to gy, and gm,
respectively and in H2. A schematic picture can be seen in Fig. 1.

The third part of the article (Sect. 3) deals with the long-time evolution
of the cosmologically normalized Einstein flow under the assumption that the
zero and the first order Bel-Robinson energies remain uniformly bounded, namely
£ =Qo((3,K)) + Q1((§, K)) < A for a positive constant A. The main result will
be to show that a long-time flow (g, K)(0) with & < A, persistently geometrizes
the manifold . Moreover, the geometrization is the ground state if V | V;,,¢. Using
the classification of ground states (Theorem 3) it is direct to show that ground
states are stable in the following sense. For any A there is ¢ > 0 such that any
long-time cosmologically normalized flow (§, K)(c) with & < A and initial data
(§(00, K (00)) with V(00) — Vi < € the flow converges to the ground state in the
long time (in the sense of geometrizations). This result is not known in general if
one drops the a priori (strong) assumption of a uniform bound on &,. However, it

was proved by Andersson and Moncrief [5] that if an initial data (g(o0), K (00)) is

5 The construction can be easily generalized to include hyperbolic manifolds with any number
of cusps.
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close enough in H? x H? to a ground state (H, (gr, —gr)) of type Case Y (3) < 0
(1), then &1 converges to zero when o — oo and V | Vi, ¢, thus showing stability.
We will give a proof of this fact in slightly more geometrical terms. The core of
the proof is however the same.

Finally, in Sect. 4 we present some arguments favoring the statement that
a cosmologically scaled long-time CMC flow with & uniformly bounded decays
necessarily to its ground state.

The problem of the long-time geometrization of the Einstein flow was inves-
tigated by Anderson in the seminal work [4]. In that article, long-time geometri-
zation (at a particular scale) was established under suitable a priori point-wise
bounds on the rescaled space-time curvature (see [4] for a detailed statement).
More precisely, it was shown that the flow geometrizes along (some) sequence of
diverging times. The problem of whether the geometrization persists or not, and a
careful analysis of the collapsed regions remained open. Further progress on these
problems was done in [15], where it was possible to show that under a priori C*
point-wise bounds on the cosmological normalized space—time curvature, the flow
(at the cosmological scale) persistently geometrizes and the volume of the G (or
thin) regions decreases to zero. An important open problem is whether the two-
tori, separating the H (or thick) regions and G (or thin) regions are incompressible
or not. A positive answer would imply that the geometrization is unique, that coin-
cides with the Thurston geometrization and that the reduced volume approaches
its absolute infimum in the long-time (see [15] for a discussion). The present article
discusses the problem of the long-time geometrization under, instead, a priori inte-
gral bounds on the cosmologically normalized space—time curvature and its time
derivative. These integral norms (the Bel-Robinson energies Qo and Ql) represent
variables which go more in the spirit of general relativity, if we think (at least for-
mally) the Einstein equations as a hyperbolic PDE. The analysis of the Einstein
flow under a priori bounds on QO + Q1 is, in comparison with point-wise bounds
on Rm and VrRm, a task of much greater complexity. Finally let us note that
the idea of linking the reduced volume to geometrizations was first pointed out
and investigated in a series of articles by Fischer and Moncrief (see for instance
[8]). The reference [15] and the present work owe much to them.

1.1. Background

We summarize now some basic formulae that will be used. The reader is encour-
aged to read [7] from which most of the material of this section is taken (see also
[16] for related material). Let us assume we have a cosmological solution® (M, g)
with generic Cauchy hypersurface diffeomorphic to ¥. Assume ¥ is a compact
three-manifold with non-positive Yamabe invariant Y (). Assume too that there
is a CMC foliation ¥ x [ko, 0) inside” M, where k is the mean curvature. A solution

6 Following Bartnik a cosmological solution of the Einstein equations is a maximally globally
hyperbolic solution having a compact space-like Cauchy hypersurface.
7 Not necessarily covering the future of M.
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having such foliation will be called a long-time CMC' solution.® With respect to
the CMC foliation the metric g splits into a space-like metric g, a lapse IV and a
shift X. We recover the metric g from them by

g=—(N?— |X])dk* + X* @ dk +dk® X* + g,

where X* = g4, X The Einstein CMC equations in the CMC gauge (and for an
arbitrary shift) are

R=|K[> - k?, (1)

V.K =0, (2)

g=—-2NK + Lxg, (3)

K = —VVN + N(Ric + kK — 2K o K) + Lx K, (4)
—AN +|K]’N =1, (5)

where K is the second fundamental form, (K o K),, = K,°K., and Lx is the Lie
derivative operator along the vector field X. Sometimes we will need to use these
formulas in terms of the cosmologically normalized quantities § = H2g, K = HK
and N = H2N. They will be provided without further deductions.

The expressions for the derivative of the reduced volume with respect to log-
arithmic time will be central in Sect. 3. It is convenient to write them right away

in terms of cosmological normalized quantities. They are

dv - S
T —3/1 —3Ndv; = —/N|K|§dv§.
2 b))

where the hat A of a two tensor A denotes its traceless part A = A — #g. The
expression ¢ = 3N — 1 is the so called Newtonian potential and it is sometimes a
better quantity to work rather than the lapse N.

Let us give now the basic elements of Weyl fields and Bel-Robinson energies.
Again in this case the reader is encouraged to read the reference [7] for a complete
account. A Weyl field is a traceless (4,0) space—time tensor field having the sym-
metries of the curvature tensor Rm. We will denote them by W 4.4 or simply W.
As an example, the Riemann tensor in a vacuum solution of the Einstein equations
is a Weyl field that we will be denoting by Rm = W (we will use indistinctly
either Rm or Wy). The covariant derivative of a Weyl field V x'W for an arbitrary
vector field X is also a Weyl field. We will be using the Weyl fields Wy = Rm
and W1 = VyRm, where T is the future pointing unit normal field to the CMC
foliation.

Given a Weyl tensor W define the current J by

V*Wabed = Joed,
8 The terminology is justified by the fact that if the manifold 3 has non-positive Yamabe invari-

ant then the range of k& (which is known to be a connected interval of the real line) cannot contain
zero. If Y(X) < 0 it is conjectured that the range of k is actually (—oo, 0).
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When W is the Riemann tensor in a vacuum solution of the Einstein equations
the currents J is zero due to the Bianchi identities.

The L?-norm of a Weyl field W with respect to the foliation will be intro-
duced through the Bel-Robinson tensor which is defined by

Qabcd(w) = Walcmwbl dm + W, W*bl dm'

alem

The Bel-Robinson tensor is symmetric and traceless in all pairs of index and for
any pair of time-like vectors T} and 75, the quantity” QabchfTé’Tng is positive
(provided W # 0).

The electric and magnetic components of W are defined as

Eup = WoaaT°T, (6)
Bab =" Wacdech7 (7)

where the left dual of W is defined by *Wpeq = %eablmwl"zd. FE and B are
symmetric, traceless and null in the T direction. It is also the case that W can
be reconstructed from them (see [p. 143] [7]). If W is the Riemann tensor in a
vacuum solution we have

E., = Ricypy + kK — Kacch, (8)
€, Ble = VaKye — VyKqe. (9)

The components of a Weyl field with respect to the CMC foliation are given by
(4,4, k,1 are spatial indices)
Wiikr = *Eiijmk, “Wiikr = eiijmk, (10)
Wijki = €ijmeuinE™",  "Wijk = €ijmernB™". (11)
We also have
Qrrrr = |EI* + |Bf?,
Qirrr = 2(E A B);,
Qurr = —(E x B)yj — (B x By + 5 (1BP +|BP)gss
The operations x and A are provided explicitly later. The divergence of the Bel-
Robinson tensor is
VAQ(W)abea = Wy "I (W)men + Wi "I (W) man
W T (W)imen +7 W T (W) imen.
where J} ., = V*(*Wpca). We have therefore
VeQW)arrr = 2E7(W)J(W )7 + 2B7J* (W), (12)
We will denote

QW) = / Qrrrr(W)ds, = / E(W)? + | B(W)[2du,
b >

9 We will later use the notation Qabchf‘TQngfo = QT ToT3Ty-
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and in particular when W = W or W = W; we will denote Qy = Q(Wj) and
Q1 = Q(W3). From the Eq. (12) we get the Gauss equation

Q(W)=— / 2NE9(W)J(W);7;4+2NBY (W)J*(W);1; +3NQuprrII*du,.
z
(13)

I1,, = VT is the deformation tensor and plays a fundamental role in the space—
time tensor algebra. Its components are

IL;; = - K;;, ILr =0,
VN
Il = N Iy = 0.
Finally, we have
divE(W), = (K A B(W))a + Jrar (W), (14)
divB(W), = —(K AN E(W))g + I, 7 (W), (15)

curl Boy (W) = E(VTW)ab—i—g(E(W) y K)ab—%kEab(W)—i—JaTb(W), (16)

curl B, (W) = B(VTW)ab“!‘g(B(W) X K)ab—%kBab(W)+JZTb(W)- (17)
The operations A, x and the operators Div and Curl are defined through
(AX B)gp = eaCdebefAceBdf + %(A o B)gap — %(trA)(trB)gab,
(AN B), = €, A" Bye,
(div A), = V, A",

1
(curl A)gp = 5(ealmvl,axmb + €, ViAma).

In what follows we describe the main results that will be used from the
theory of convergence-collapse of Riemannian manifolds under L?-bounds on the
Ricci curvature and its covariant derivatives. The reader can consult (some of) the
original sources [1,17,18]. Let us mention first a classical local result. Recall that
in a Riemannian manifold (X, g) the H'-harmonic radius r;(p) of g at p, i > 2, is
defined as the supremum of the radius r for which there is a coordinate chart {z}
covering B(p,r) and satisfying

3 4
Zéjk < gjr < §5jk7 (18)
a=1 a] 2
Zr2a—3 Z / ’(%fgjk dv, | <1, (19)
=2 l=e.d.kp (o,
where in the sum above I is the multi-index I = (ay,a9,a3), and as usual

1 /0T = (0,1)*1(0,2)*2(0,3)**. Both expressions above are invariant under the
simultaneous scaling § = A?g, #* = Az* and 7 = Ar. Observe that if j > i > 2
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then rj(p) < 7i(p). A chart {z} as above will be called a canonical harmonic
chart. In basic terms the H*-harmonic radius marks the greatest scale A in which
the HEI}—Sobolev norm of the scaled metric A?g (in the ball of radius one of the
scaled metric) is bounded above by one.

‘We have used the notation H }Lm} for the H*-Sobolev space defined with respect

to a chart {z}. Instead Hg will be the H;—Sobolev space defined with respect to
the metric g, namely for a tensor A (of any rank) we define

j=i
1Alye = [ 3199 APdu,,
q 71=0

where Q) is a given region in ¥ where the Sobolev space is defined (so properly
speaking we would write H}(£2)).

Theorem 1. Let (X,g) be a complete Riemannian three-manifold and let p be a
point in . Then

1. ||Ric|?. and v(p) control the H*-harmonic radius r2(p) of g at p from below.

2. ||Ric||%. and v(p) control the H®-harmonic radius r3(p) of g at p from below.

A more complex global result is'”

Theorem 2. Let {(3,g;)} be a sequence of compact Riemannian manifolds with
IRicllzs + Vol,, (%) < A,

where A is a positive constant. Then one can extract a sub-sequence (to be denoted
also by {(X,¢9:)}) with one of the following behaviors.

(1) (Collapse). 7; — 0 and the sub-sequence g; collapses along a sequence of
F-structures. The manifold X is in this case a graph manifold.

(2) (Convergence). v; > vy >0 and {(2,{g:})} converges weakly in H? to a H?
Riemannian manifold (X (= X), goo)-

(3) (Convergence—Collapse). v; — 0 and 7; > Ty > 0 and {(2,9:)} con-
verges weakly in H? to a (at most) countable union Uy (Xoc.a,Goo.a) of H?
(non necessarily complete) Riemannian manifolds. Moreover, for a given
¢ (sufficiently small) the manifolds ¥, . are graph manifolds with toric
boundaries. The Riemannian-manifolds {(35,, i)} converge weakly in H?* to
Ua (X5 a1 oc,a) (which has only a finite number of components).

The notion of convergence that we have assumed in the statement of the
theorem is the following: we say that {(3, g;)} converges weakly in H? to a limit
Riemannian manifold (X4, gso) (as above) if for every ¢ > 0 there are (H3)-dif-
feomorphisms ¢; : 3¢ — 3, such that ¢7g; converges to goo in the weak

0,90
10 For a discussion of this result see [1]. We will not elaborate on the notion of F structure as
we will not need in the present article. A graph manifold is, roughly speaking a sum along two

tori, of U(1)-bundles over two-surfaces. For a discussion of the relation between graph manifolds
and F structures see [1].
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H?-topology induced by the metric go, over the space of H? (2,0)-tensors (over
Yoo)-

The use of Weyl fields to control the gravitational field would not be justified
in this article if it were not for the following fundamental property.

Proposition 1. Let (g, K) be a cosmologically normalized state on a three-manifold
¥ with non-negative Yamabe invariant (Y (X) < 0) and let p be a point in 3. Then

1. v(p), Qo and Voly(X) control from below the H*-harmonic radius r2(p) of g
at p. Moreover if {x} is a canonical harmonic coordinate system the Sobolev
norm ||K||H% L (Bpra(p) is controlled from above.

2. v(p), Qo+ Q1 and Voly(X) control from below the H3-harmonic radius r3(p)
of g at p. Moreover if {x} is a canonical harmonic coordinate system the
Sobolev norm HK”H@}(B(P,T:%(P)) is controlled from above.

In basic words what the (say item 2 of the) Proposition claims is that the quantity
1/v(p) + Qo + Q1 + Voly(X) controls r3(p) from below and the H? } X H{lm} norm
of (g,K) from above, in suitable canonical harmonic coordinates {z} covering

B(p,r3(p)).
The proof of Proposition 1 item 1 follows easily from the bound

1

2
/|Ric|2+ VK + |K[*dv, | < C(Vol,(Z) + Qo).
>

that is proved in the appendix (C is a numeric constant) and by applying
Theorem 1. The proof of the item 2 in the Proposition 1 follows by using item
1 and applying standard elliptic estimates in the elliptic system (14)—(17) with
E = E(Wy) and B = B(Wj) on the left-hand side and then using Egs. (8) and
(9). Details of this argument can be found in [16]. The estimates of Proposition 1
will be referred later simply as “elliptic estimates’.

2. The Ground State and Examples

2.1. The Ground State

Theorem 3. (The ground state) Let & be a compact three-manifold with Y (2) < 0.
Say {(gi, K;)} is a sequence of states satisfying

1) k=

(3) Qol(g:, Ki)) <A,
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where A is a fived constant. Then, there is a sub-sequence of {(g:, K;)} (to be
denoted also by {(g:, K;)}) for which one and only one of the following three phe-
TOMENa 0CCurs.

Case Y (X) =0.

1. X =G is a graph manifold.

2. ¥ — 0 and the Riemannian spaces (3, g;) collapse with bounded L? curvature,
along a sequence of F-structures.

3. Vil Vinr=0

Case Y(X) <0 (I).

1. X = H is a compact hyperbolic manifold (denote its hyperbolic metric by g ).

2. (2,9:) — (Z,9m) in the weak H?-topology.

3. Vil Voly, = (—1v())?.

Case Y (X) <0 (II).

1. There is a set of incompressible two-tori {T?,i = 1,...,ir} embedded in %
and cutting it into a set {H;,i =1,...,ig} of manifolds admitting a complete
hyperbolic metric of finite volume (in its interior) and a set {G;,i =1,...,ig}
of graph manifolds. The tori T? are unique up to isotopy.

(%, 9:) — U= (Hy, g i) in the weak H?-topology.
. 3
In each of the three cases above the norms ||Ricy,

2> | Killmy, » and || K| s,

remain uniformly bounded and the norms HIA(,HLg . [ Ry, + 6HL§“ converge to zero.
Moreover in the regions of convergence (the hyperbolic sector in (I) and (II)) the
scalar curvature Ry, converges in the strong L?-topology to —6.

Finally, two different sub-sequences of the original sequence {(g;, K;)} as
above have the same behavior.

Proof. We will make use of a number of inequalities proved in the Appendix. From
Proposition 10 we have

/ 2AVE|? + |K[*dvy < CKI(V = Vint) + Qo), (20)
>
and from Proposition 11
[ IR TZu, < Y = Vi) + (KO = Vi) Qo)) (21)
>

This in particular implies the inequality

[ (2 247) vy < CORY = Vi) + (0 -V (22
=

From Proposition 12 we have

||f/{EHL§ < C(Jk[(V = Ving) + ([k|(V — Vint)Qo)? + Qo). (23)
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and from Proposition 13 also in the Appendix

/ VR|S + R2du, < C(KV + Qo). (24)
>

Recall that when using the formulae above we will be dealing with a sequence
{(QZ,K1>} with ki = -3.

Case Y (X) = 0. From (23) we see that the L2 norm of Ric,, remains uni-
formly bounded. This case then follows from Theorem 2.

Case Y(X) < 0. First we note that there must be a constant 7o > 0 such
that 7; > 7y otherwise one can extract a sub-sequence of {g;} which collapses
with bounded volume and curvature. Theorem 2 then implies that X is a graph
manifold and therefore of zero Yamabe invariant which is a contradiction. Cases
(I) and (II) will be distinguished according to whether there is a sub-sequence of
{gi} with v; — 0 or not. We do that below.

(I). Suppose there exists v, > 0 such that v, > v,. Then by Theorem 2 we can
extract a sub-sequence of {g;} converging in the weak H?-topology to a compact
Riemannian manifold (¥, g). From (22) we deduce that R, = —6. Let us see
that g is hyperbolic. Note that [ R2 dv, = |Y(X)|?. Consider the quadratic
functional R from HZ-metrics into the reals given by

g — Vol (%)s /Rgdug.
>

It is known [2] that if Y (X) < 0 the infimum of R is given by |Y (2)[%. Thus it must
be 0R|y., = 0. Let us compute the variation of R at g = g and for variations
which preserve the local volume. Consider then an arbitrary path of metrics g(\)
with g(A = 0) = goo and (dvy(y))’ = 0 (and Frechet derivative ¢’ = h in H?). From
(dvy)" = 0 we get tryh = 0. Recall that the variation of the scalar curvature is
given by

Ry = Atrgh 4+ 66h — (Ric, h).

From this we get

ShRyly—g.. = —Voli_2Ru / (Ric,__, h)du,._ .
3

Thus, ﬁng = 0 and g, is hyperbolic. Therefore this case corresponds to Case
Y(2) <0 (D).

(IT). Suppose limsupy,; = 0. Consider a H?-weak limit of (%, g;). Denote it
by (Xoo; goo)- Recall that 3, may have infinitely many connected components and
that g, may not be complete on them. Note that ¥, is non-empty as we have
U; > Uy > 0. For every i consider the metric gy,; in the conformal class of g; with
scalar curvature Ry = —6. Writing gy; = ¢{gi, the conformal factor ¢; satisfies
the equation

Ry(li’ = _8A9i¢i + R91¢Z (25)
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From the maximum principle we get ¢; < 1. Thus
0 < Volg, (¥) — Volg, ,(X) < Volg, (X) — Voliy.
It follows from the fact that V; | Viur that

Og/lfdfdvgi — 0.
s
and in particular [, (1 — ¢;)®dvy, — 0. Note that

VOléy,q‘, /Riy,idvg‘{,i - |Y(Z)|2
b

We will exploit this fact in what follows. Pick an arbitrary point p € ¥,,. We will
show that ﬁng |B(p,,,goo (p)/2) = 0. As the point p is arbitrary this would show that
Ric,.. = 0 and thus g, is hyperbolic. First note that by (22) it is R, = Ry = —6.
Also by (24) and the compact embedding H%/3 < L2 we see that R, — Ry
strongly in L? on compact sets of Y. Pick a sequence {p;} of points p; € X
such that (By, (pi, vy, (pi)), pi, 9i) converges to (By__ (p, Vg, (D)), Ds oo )- Let us write
Eq. (25) in the form

8Ay,di = Ry, di — Ry ¢}, (26)
and prove that the right hand side of it is converges to zero in L? and over the
sequence of balls By, (p;, vy, (pi)) (denote them by B;). Write

/|Ry¢f - Rgi¢i|2dv91‘ < /‘RYQZ);L - qu‘,|2dvgz‘

B; B;
< / 2Ry 264 — 117 + 2|Ry — Ry, [*du,,.  (27)
B,
‘We have

/|¢;1 - 1|2dvgi < /|¢;l - 1|dvgz‘ - 07
Bi Bi

From this and the fact that Ry, converges to Ry strongly in L? over B; we have
that the right-hand side of Eq. (27) goes to zero as claimed. By elliptic regularity

|p: — 1||H_gi(Byi (pi.2v,, (pr)) CODVETges to zero. As a result (By: (pis 3v9.(pi), Dis gv.i)

converges weakly in H? to (B, (p, %Vgoo (p)), P, 9o ). As a consequence we have
that

/<§’E9Y,'i7hi>gY,idUgY,i - /<Ricgoo’h>goodvgoo’
by Yoo

for any traceless tensor h (in H?) with support in By__ (p, v, (p)/2) and traceless
tensors h; (in H?) with support in By, (p;, vy, (p;)/2) converging strongly in H? to
h. Thus, 6, Rlg=gy, — OnR|g=g.. . Therefore, if Ricy, # 0 in By (p,v,. (p)/2)
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|2 for the functional R over the three-manifold

we can lower the infimum of |V (%)
3.

We prove now that g, is complete. Let s be an incomplete geodesic in 3.
Fix p € s. Let S5 be a transversal geodesic-two-simplex in ¥, and having p in its
interior. For g € s (in the incomplete direction and close to p) consider the three-
simplex S3(¢q) formed by all geodesics joining ¢ with a point in S;. Observe that
because (£, goo) is hyperbolic and s has finite length (in the incomplete direction)
every r € 9S3(x) has a cone C3(r) inside and of size bounded below.!! Now as ¢
approaches the end of s, we can find a sequence of points ¢; and r(g;) € 955(¢;)
with v, (r(¢;)) — 0 and having a cone inside S3(7(g;)) of size bounded below.
The blow up limit of the pointed space (X0, 7(g;), mgm) has v(z) = 1 and
is complete, flat and having a cone of size (, 00) inside. It must be R3 which is a
contradiction.

We can conclude then that Y., consist of a finite number of connected com-
ponents H;,7 = 1,...,ig each one admitting a complete hyperbolic metric of
finite volume gp,; = goo. Observe that it must be Vol, (¥s) = Volin¢ (and not
strictly less than Voli,¢) for otherwise (see [6]) one can find a sequence of metrics
g; in ¥ and with bounded LZ::’ curvature, converging to U::ZH (Hi,gm ) and with
Volg, (2) — Vol,__ (£) and thus lowering the value |Y'(X)|? for the infimum of R.

Now, pick a transversal torus for each one of all the hyperbolic cusps of the
Riemannian manifolds (H;, gg,;). Denote them by {T;,i = 1,...,i = ip}. Each
one of the tori T; can be embedded (up to isotopy) inside X. As proved in [3,
Theorem 2.9] if one of the tori is compressible one can again lower the infimum
value for R. Thus, the tori T; are all incompressible. As shown in [3, p. 156] the

set of tori {T;,i = 1,...,ir} (of a strong geometrization as this) is unique up to
isotopy.
The rest of the claims in the Theorem follow from Egs. (20)—(24). O

2.2. Examples

Examples of ground states (namely sequences {(g;, K;)} of cosmologically normal-
ized states with V; | Viyr and Qo < A) and of the types Case Y(X) = 0 or Case
Y (%) <0 (I) (in Theorem 2.1) are easy to find. We will show that soon below. An
example of a ground state of the type Case Y (3) < 0 (II) is more difficult to find
and will be discussed in a separate section (Sect. 6).

Case Y(X) = 0. Take any two-surface Xy, of genus greater or equal than
one. Consider the three-manifold ¥ = Ygen, x § L. Denote by 2ds? the metric on
S with total length [ and denote by Jgen @ metric on Y., of scalar curvature —6.
An example of a ground state of the type Case Y (X) = 0 is given by the sequence
of states {(g;, —¢1)} on ¥ where g; = ggen X [*ds® and [ — 0.

11 Given a point z in a Riemannian manifold (3, g) a cone of size (a,1) (I < injzg) in ¥ is the
image under the exponential map of a cone of size («,!) (segments from z in 7,3 having length
!l and forming an angle a with a given segment).
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Case Y (X) < 0 (I). Take any compact hyperbolic manifold ¥ with hyperbolic
metric gg. The constant sequence of states {(gm, —gm)} is an example of a ground
state of type Case Y (X) < 0 (1).

2.3. The Double Cusp

Say (Hi,gm,) and (Ha, gr,) are two complete hyperbolic metrics of finite volume
and suppose that each one has, for the sake of concreteness, only one hyper-
bolic cusp. Denote the cusps as Cy and Cs. Denote by (gm,, —gm,) the flat cone
states on H;, i = 1,2. Recall that the metrics gpg, on the cusps are of the form
g, = dz? + e**gr; where gr, is a flat (and z-independent) metric on the tori T2
transversal to the cusps (—oo, a] x T2. Consider now a torus-neck, namely the man-
ifold G = [1,1] x T? with a T?-invariant metric gg. For any zg < a we will find a
state (9g, Kg) on G which, at the boundary 9[—1,1] x T? = {1} x T> U{l} x T?,
approximates to any given desired order the flat cone states of H; and Hy at
x = xo. Once this is done we will glue (ggr,, —9m, ), (96, K¢) and (9m,, —9m,) to
get an state over Hi§GiH, (satisfying the constraints equations). As xyp — —oo
these “double cusp” states display the behavior of a ground state of type Case
Y(X) < 0 (II). A schematic picture can be seen in Fig. 1. Note that the states
(96, Kc), being T?-symmetric, are Gowdy and therefore explicitly tractable.

The construction is organized as follows. In Sect. 2.3.1 we find a (Gowdy)
polarized space-time solution on R x RxT?2. Once this is done, we find in Sect. 2.3.3
a foliation of R x R x T? the states of which display (when suitable normalized)
a convergence—collapse behavior of the type Case Y(X) < 0 (II). Although the
states found in this foliation are not CMC, we will see in Sect. 2.3.5 that it is
possible to find a CMC foliation the CMC states of which are not far from those
found before and displaying the same convergence—collapse behavior. In Sect. 2.3.4
we find (Gowdy) non-polarized space—time solutions on R x R x T%. One can then
repeat the analysis done in Sects. 2.3.3 and 2.3.5 to find, for each space—time non-
polarized solution, a CMC foliation displaying a convergence—collapse picture of
the type Case Y(2) < 0 (II). The family of polarized states that we will con-
struct is sufficient to join two arbitrary flat cone cusp sates (Cy, (9m,, —9m,)) and
(Cq, (9m,, —9m,)). Suppose now we have two flat cone states (H;, (9u,, —gm,)) hav-
ing a hyperbolic cusp each that we want to join through a state in a torus-neck.
Having fixed z¢ and a given error €, suppose we have found a state (polarized or
not) (9, K@) in a torus-neck G, which is compatible (up to the error €) at its
ends with the flat cone cusps (Cy, (9w, , —9m,)) and (Cs, (g9r,, —gm,)) at © = .
We will perform the gluing of (Hy, (9m,, —9m,)), (96, Kg) and (Hs, (951, —9H,))
as follows. First, we glue (keeping the T2%-symmetry) the metrics gg,, i = 1,2 and
g on an interval ([a,b] x T?) of length one in each one of the necks and centered
at = xg. Denote the new metric by gs. Then we find a transverse traceless tensor
Ky with respect to g; and equal to —gp, or K outside the intervals where the
metrics were glued. Using the data (gy, K 1) we appeal to a Theorem of Isenberg
[12] to show that in the conformal class of the state (gy, K7r) the Lichnerowicz



1574 M. Reiris Ann. Henri Poincaré

equation can be solved and therefore a CMC state found. Finally, we use stan-
dard elliptic estimates to show that if the error € is small enough the CMC state
constructed with the conformal method is as close to the states (gu,, —gn,) and
(96, K¢) (in their respective domains) as we like.

2.3.1. The Geometry on a Torus Neck (the Polarized Case). On R x R x T2 we
look for a (polarized) T?-symmetric space—time metric in the coordinates where it
looks like

g = *(—dt? + dz?) + Re*" do} + Re 2" dob3.

The functions a, R, W depend on (¢,x). Define the coordinates (—,+) = (t —
x,t+ x). Derivatives with respect to — and + will be denoted with a subscript +
or —. In this representation the Einstein equations are equivalent to the system of
scalar equations

9°R  0O’R
oz oz (28)
0 0 0 0
2 (Ratw) -2 (R%I/If) o, (20)
Re  Rex 1(R:)’ 2
2 = 2<R) +2W2. (30)

Note that Eq. (28) is decoupled from the rest. We make the choice
R(z,t) = Ry(e2(H2) 4 ¢2(t=2)),
The Eq. (29) is the Euler-Lagrange equation of the Lagrangian

L(t,00W,0,W) = /R(am/)2 — R(0,W)?dx.

We make the choice W (x,t) = Wy + W arctan e**. These solutions are the W-sta-
ble solutions, i.e. those W that with fixed values at the boundary (infinity in this
case) minimize the potential V = [ R(z,0)(9,W)?dz. We proceed now to find out
a. Observing that

W2
2(Wy)? = —C%—,
(W) 2 cosh? 2z
Eq. (30) can be written
Ry Riy 1 (Ri)Q w2
pRac-pL Sy (- I L 31
R R 2\ R 2 cosh? 2z (31)

Dividing by R+ /R and adding and subtracting both equations we get

1 Wg
Oga = — (2 + 20) tanh 2z,
W

Gtaz +7,

N W
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which after integration give

1 Wg\ 1 W¢
a(z,t) = a(0) — (2 + 20) 3 In cosh 22 + (2 + 20) t.

In the next section we analyze these solutions along some particular space-like
foliations.

2.3.2. The Evolution of States on a Torus Neck. Convene that by observes we
mean a space-like slice S(¢') moving with a parametric time ¢'. Let us analyze
the solutions found in the previous section with this perspective. First, for those
observers who in a forced manner move keeping their z-coordinate constant and
moving uniformly forward in time ¢ = ¢/, the normalized three-geometry (normal-

§+&> t
ized by 6(2 * )7, collapses along the two-tori into the one-dimensional geometry

0)— ;+L§> In cosh 2
oo = ea( ) (2 2 2 de7

on the real line and of finite length. However, for those observers who freely fall in
space—time along time-like geodesics, the normalized three-geometry will be seen
to evolve into a hyperbolic cusp

Joo = dz? + RerWi‘”eQIdQ% + Roe_QWi‘”ehdHS.

There are in fact two natural sets of free-falling observers, those who move with
positive z and those with negative x. Both will observe the normalized three-geom-
etry become into hyperbolic cusps (exponentially in time). In between them the
geometry is collapsing, as will be made precise in what follows.

Free falling observers. We will assume a minor approximation that in no way
changes the global picture, nor the precise statements that follow on the evolution
of the exact geometry. Concentrate on the region x > 10. On it the metric g (in
the (¢, ) plane) is almost like

62<(%+W73>t7<%+WT02>w> (—dt2 + dx2).

We will consider time-like geodesics in this region (towards the increasing direc-
tion of t). Denote by s their proper time. Then it can be calculated that, inde-
pendently of the initial velocity, the coordinates (¢(s),x(s)) of time-like geodesics
behave according to

(WY (B WY L 3 e (L
2 2 2 2 2 1+ W s)’

1w 3 W2 1. (3+ W21+ W2) 1
() S0 ) b= ns+ -1 =),
<2+2>$+<2+2 t=lstgln 2 ol
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What these formulas tell us is that the set of coordinates

th=— 1eroz x+ §+K02 t
N 2 2 2 2 )7

¥ =— 1eroz t+ §+K02 x
2 2 2 2 ’

form the natural coordinate system prescribed by a free-falling set of observers. In

. . 1 1 w2 2 3 W2 2
these new coordinates and after choosing a(0)=5In { — (54—70) + (5 + 7())

we get
g= th'(,dt’Q +dx’2) JrRoez(gm/oerl) <e2(t'+“”) + eﬂivg(t’z’)) dﬂf T
4 Roe2(5Wot W) (207 +a") _i_eﬁ(t/_x/))deg.

After making W, = §Wy + W1 and normalizing by e we see that the local
three-geometry exponentially falls into the hyperbolic cusp

g =dz? + R062W+°°€2$d9% + Roe_2W+°°62””d9§

2.3.3. A Convergence—Collapse Picture. Let us describe now a global foliation of
Cauchy hypersurfaces (labeled with a parameter s > 1) where we can see the pic-
ture of convergence—collapse. For any s the hypersurface will be defined as: (Zone I)

((t,2), — (%MVTOZ) Ins + (%+W702)t — s, |z |< lnt}, (Zone 1) {(t,2), s =
= — (%—F WTOQ)I—F (%+WT§> t, © > Ins} and (Zone III) {(t,z), s =t =
<% + WT"2> T+ (% + WT‘?) t, © < —Ins}. Normalize the three-metrics over the
slices with the factor e=2%. As s — +oo the limit of the normalized three-metrics
are: (Zone I)

goo = di”,
which is the infinite-length one-dimensional geometry on the real line, and (Zone II)

Joo = da? + R0€2W+°°€2wd9% + Roe_2W+°°eQ’”d0§,

on the whole R x T2, and similarly for the Zone III. A schematic picture can be
seen in Fig. 2.

2.3.4. The Geometry on a Torus Neck (the Non-Polarized Case). In this sec-
tion we follow the same strategy as in Sect. 2.3.1 to find (Gowdy) T2-symmetric
space-time solutions but this time non-polarized. On R x R x T? we look for a
non-polarized T2-symmetric metric in the coordinates where it looks like

g = 2% (—dt* + dz?) + R(e*W + ¢?e2")dh? — Rge 2" 2d6,d0y + Re= 2V 63,
(32)
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FIGURE 2. A schematic figure showing the evolution of the nor-
malized three-geometry.

and where a, R, W depend only on (¢,z) or (u,v) = (—,+) = (t —z,t + ). In
this representation the Einstein equations reduce to

Ry =0, (33)
R++ R"r R"r
(R) + 4W2 + q+6 —4W 4Cl+ R = 0, (34)
R (RY gy g B
2 ( - > FAW? 4 g2e la-" =0, (35)
( W) + + (RWy)- + Rgrqe " =0, (36)
(R q,) + (R ), =0, (31)

Again we make the choice R(x,t) = Roe?! cosh(2x). With this choice we will solve
for time-independent W and ¢ realizing arbitrary flat metrics on the two tori at
the ends, i.e. which have prescribed asymptotic ¢uo, ¢—oo, Woo, W_o. After that
we will solve for a.
Solving for time independent W and q. Equation (37) forces ¢’ to satisfy
, 2cetWV

= cosh(2z) (38)

where ¢ is an arbitrary constant. With ¢’ of this form, Eq. (36) forces W to satisfy
_2C2 €4W

W' +2tanh(22)W' = ————,
(2) cosh?(2z)

(39)
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The strategy to find the solutions to (38)—(39) for W and ¢ and having pre-
scribed asymptotic values at the ends (i.e. when x — +00) is the following. Fix
¢ first. Then find W having the prescribed asymptotic values W(oco) = W, and
W (—00) = W_y. Then vary ¢ keeping fixed the asymptotic conditions for W and
prove that we can reach at some ¢ the prescribed asymptotic value ¢(00) = goo if
q(—00) = G_oo was prescribed. We will accomplish that by proving that varying
¢ from some value ¢y toward zero, the integral from —oo to oo of Eq. (38) that
defines ¢(o0) reaches (having ¢_o as the lower limit of integration prescribed)
all possible values. Although Eq. (39) is highly non-linear, it can be integrated
exactly. We note that Eq. (39) is equivalent (unless W is constant in which case
¢ =0 and ¢ is constant) to

((cosh(22)W')?) = —(c2e*WY, (40)
which gives

cosh?(22)W"? = —c2e*W + A2 (41)
for A > 0, an arbitrary positive constant. Taking the square root of (41) we get a
separable variables ODE. After integration we get

1
W = 5 1 |—Z| cosh(—2A arctan e 4+ B), (42)

with B and arbitrary constant. We need to find A and B that solve the asymptotic
conditions for W i.e.
| c]| —2W.
——coshB =e i
A

|—Z| cosh(—mA + B) = e 2We,

Making the change of variables A = B;—D we get the equivalent equations
B=D+7|c|e*™=coshD, (43)
D=B-7|c|e*™==coshB. (44)

Now the problem is to understand the solutions B and D to (43)—(44) as func-
tions of ¢, Wy, and W_. If we graph B(D) (from 43) and D(B) (from 44) on
the same B — D-coordinates axis, we see (observe the factor |c| in front of cosh D
and cosh B) that there is some positive ¢g above which there are no solutions (the
graphs do not intersect), at which there is only one and below which there are only
two solutions (see Fig.3). In the following we will analyze the solutions A and B
as ¢ — 0. We will see that given a prescribed value q_., we get any asymptotic
value for g, by varying c¢ from ¢y towards zero. The equation

e?W-= cosh B = ¢*"= cosh D,

gives for the each one of the two different branches (of solutions (B, D)) the
following behaviors
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2W o
D=B+ = Icle Cosh D

—oo
D=E— 7 Icl & Cosh B

FIGURE 3. The graphs of B(D) (from 43) and D(B) (from 44)
for a small c.

1. (Branch I). Either W, = W_, for which we get (observe that A=B—D >0)
B=-D-0,
lel | oo,
or Wso # W_ for which we get
B—ooif We >W_oo (0r —c0if We < W_ro),
B—D —2(Wo —W_y) (or —2(Wo —W_w)),

A— %(Woo —W_so) <0r - %(Woo - Woo)> .

2. (Branch II) For any W, W_o
B — 00,D — —o0,
B+ D — 2(Wa — W_oo),
2B — 2(Wao — W_o0)

s

AN
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With these behaviors for A and B (as ¢ — 0) we get
(Branch I). The formula for ¢/

’ Cc

q = 5
(cosh(2z)) (% cosh(—2A arctan e2® + B))

shows that, starting at an arbitrary g_.., the function ¢ approaches (uniformly)
to the constant function ¢ = g_.
(Branch II). The formula for ¢’ approximates to
, +e2W-x (2B - 2(Wo — W_o))
7™ fcoshB cosh(2z)(e=2W-= (cosh B)~! cosh(—2A arctan e2* + B))2’
Rearranged it reads

,  FePW-=(2B - 2(W,, — W_,,))cosh B
T~ cosh(2x) cosh(—2A arctan e2* + B))2’

(45)
The factor

A
cosh(—2A arctan ** + B) = cosh (B (_2B arctan e** + 1)),
in the denominator of Eq. (45), can be bounded above in the interval —1 <z <1
by
cosh 2Bz.

(We note that —24 — =2, linearize arctane® (z ~ 0) and get the bound). The
integral

1
—2W_ _ _
:l:/ e (2B —2(Woo —W_w)) costh

cosh 2z(cosh 2Br)? *
21

is equal, after the change of variables Bx = u, to

)

B
Wooe (2B — 2(Woo — W_wo h B
" / e ( ( ' / )) cos du
B cosh 5§ cosh” 2u
B
that clearly diverges to + infinity as B goes to infinity.

Solving for a. To find out the expression for a we follow the same procedure as
in the polarized case. We find a and a’ from Egs. (34) and (35) and then integrate
in time (¢) and space (z). As W and ¢ are time independent we have

12

AWE 4 ¢Ze™™W =W + qufzwv.

Equation (41) gives
q/2 A2

w2y L p—aw _ .
4 cosh? 2z
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This formula makes Egs. (34) and (35) to have the same form as Eq. (31) but with
W¢ replaced by A;. This gives the following expression for a

2 2
a(z,t) = a(0) — (; + 1211 ) In cosh 2z + (; + ‘i) t.

The analysis of the convergence—collapse picture for these non-polarized solutions
follows exactly as in the polarized case.

2.3.5. The Gluing. CMC states in a torus neck. For simplicity we will work with
the polarized solution in the torus neck we have found before the computations
carry over to the non-polarized case as well. We will find a CMC slice, t = s(x),
of the solution

g = e (—dt? + da?) + Re®d6? + Re 2V dh3,

1 W2 3 W,
a(z,t) = a(0) — (2 + 20 ) In cosh 2z + (2 + 20) t,

R(z,t) = Ro(e2(H+®) 4 ¢2(t=2)),
W (z,t) = Wy + Wy arctan e**

with k& = —3 and asymptotically of the form ¢ = s(z) ~ ¢ + E;i%;)x With this

asymptotic we guarantee having (almost) flat cone initial states on the ends. The
way to find such CMC slice is by finding appropriate barriers. To do that we first
find a general expression for the mean curvature of a general section ¢ = s(x). We
keep the discussion brief. Given a slice ¢ = s(x) introduce a coordinate system
(z,1,01,05) defined as

r =17+ s (2)t,

t=s(x)+1,
91 éla
92 0_2

In these coordinates the metric g is written
g = —N?d#* + g(dz + Xdt)(dz + Xdi) + Re*™ dd3 + Re 2" d63,
where

g= eQa((l —&-S//f)z _ 8/2),
N? = ¢ (1 — s).

and X = 0 when # = 0. From this k is calculated (at the slice t = s(z)) as

k__; O 4+ — SN _A'_ati
a1 — g2 - R
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where

1 We 3 Wg
Ora = Oia + s'0ya = — ( + 0) s’ tanh 2z + ( + 0),

2 2 2 2
iR O,Rs' + O:R
tf = % = 25’ tanh 2z + 2,

which gives

1 s 1 W 3 Wg
- _ f _(Z 20 o 2420
k(x) —a¢ (13’2 (2—1— 2)stanh2x+(2+ 2)

+ 25" tanh 2x + 2),

1 Wg\1 3 Wg
- — - - - 71 S 2 - - .
f <a(0) (2 + 5 > 5 ncosh 2z + <2 + 5 )5

- %+WTg T
Remark 1. Note that k(s(z)+7) =€ ( > k(s(z)). This implies in particular
that once we have obtained a CMC slice a CMC foliation is obtained by shifting
it in the (¢) time direction.

with

2
Now, to construct the barriers, note that for the section ¢t = s(x) = to+ (;I%%) x,
0

k is asymptotically (i.e. as x — 4o00) constant. A direct calculation shows that for
the pair of sections (on the right end)
1+ W3 1

T+ —, (46)

t= =t
s+() O+3—4—WO2 T

the asymptotic (to leading terms) is

2

ke~ —kof(%*@)% (1 10 (;)) .

The last formula shows that —k(s;) < —ko < —k(s_) asymptotically. The exten-
sion of those sections to the center of the neck can be carried as follows. Take two
sections symmetric with respect to the t-axis, that (say on the right) are (i) any

2
smooth section (s ) from 0 to 10 with s” > 0 and s4(10)+ ;i%% (x—10)—In(x—9)
thereafter (ii) any smooth section (s_) from 0 to 10 with s” > 0 and equal to
2
s-(10) + ;I%% (x — 10) 4+ In(z — 9) thereafter. It is easy to see using the Remark
0
above that by shifting the section s_ upwards, at some shift the sections have dis-

joint range of their mean curvatures (between the points of intersection) and that

2
;1%82 up to ~ 1/z. Due to that, it is
easy to continue these two sections as was said above (in Eq. 46), starting from an

x slightly less than the x where they intersect, in such a way that they have disjoint
1+We
3+W22 :

at the point of intersection their tangents are

range of mean curvatures but asymptotically approaching to s(z) = to +
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Note that given a CMC slice as was described above, the same slice is CMC
with the same mean curvature if on the metric g we replace Ry by Roe 2%. Also
note that on the (2’ ') coordinates, for large 2’ the metric is written approximately

g= th’(_dtQ +dx2) + ROeQ(%Wo"rWl) (eQ(t’+m/) + 62_:/\/02 (t’_x’)) dH%
—2(3Wotwi) [ 2(t+a) | arwg (') 2
+Roe “\270T (e )4 e2tWo dés.

Thus, changing Ry by Rope~2?° and changing the 2’ coordinate by z” = 2’ — § the
metric approximates to any given desired order to the flat cone state,

g= th’(_dtIQ + dl'l/2) + ROeQ(%W0+W1)62(t/+m//)d9%
+ ROE_Q(%WO-i—Wl>e2(t,+$”)d9§_

Moreover, note that the distance between standard parts on the cusps get increased
by ~ 2§. ¢ therefore parametrizes the family of CMC initial states displaying a
convergence—collapse picture.

A traceless transverse tensor. Having now a metric on the torus neck we glue
it to the hyperbolic metrics dz? + ¢**gy, (on the right (say i = 2) and the left
(say ¢ = 1) of the neck) along intervals of left one around = = x( and preserving
the T2 symmetry. There is some freedom of course in this process. We will use
it in a moment. We will look for a T?-symmetric transverse traceless (2,0)-ten-
sor Kpp with respect to the metric that resulted from the gluing. Moreover, we
will demand the components of KTT to be zero except for KTT . KTT 6,0, and
KTT79292. Finally, we demand KTT to be unchanged on the region inside the neck
which is not the gluing region and, similarly, we demand K77 to be unchanged
inside the bulk of the hyperbolic manifolds H; and Hs which is not the gluing
region. Thus, we want K71 to be zero on the hyperbolic sector and right after the
gluing. Observing that for any 72-symmetric metric the connection coefficients
Fz:fej for 4, j, k equal to 0 or 1 are zero and similarly for I'7, and I'% fori=0,1
we have

ViKjprg, =0, j=0,1.
For V; K. , we compute

Vif(’;"T,x = 8$K%T,w + (F92 - leel)f(%T,w (47)

:E92

where we have implicitly used that IA(%T T KGT o, T K:?“Z‘T,az = 0. We need to find
a solution of (47) being exactly zero after an interval of length one. To do that we
choose the glued metric in such a way that 1"2191 # 1"6;92 (with a small difference)
on an interval of length one half inside the gluing interval. Then choose K010
such that the solution to (47) is exactly zero right after the gluing region. One can

check that this can be done using the integral formula for the solution of a first
order ODE.
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FEstimates. Once having (g, K) with divK = 0 and tryK = k we invoke a
theorem of Isenberg [12] guaranteeing that the Lichnerowicz equation is solvable

as long as K # 0 and kK # 0 as is our case. To estimate the solution to the
Lichnerowicz equation

2o = LRyo— LipeT 4+ E g
8 gllg 1277

we use the maximum principle and the standard local elliptic estimates. From the
maximum principle we get

. k2
Rg¢(xnlax) - |K|2¢(xmax)77 + E¢(xmax)5 S 0;

Now note that R, = |K|*> — 2k? + e(x) where €(z) is nonzero only on the gluing
region. Using this in the last equation gives

|K‘2(¢($max) _(b_?(mmax)) + ;kg (¢(xmax)5 _¢($max)) +€<$max)¢(xmaa:) S O (48)

Observe that |[K||Le is bounded with a bound independent of e. We see from
Eq. (48) that when |||z~ — 0 then [[¢ — 1|[z~ — 0. Standard elliptic estimates
show that in fact ||¢ — 1||g2.e — 0.

3. Long-Time Geometrization of the Einstein Flow

3.1. The Long-Time Geometrization of the Einstein Flow

In this section we prove the following Theorem.

Theorem 4. Let ¥ be a compact three-manifold with Y (X) < 0. Say (g, K)(0) is
a cosmologically normalized flow with & (o) §~A where A is a positive constant.

Then, the cosmologically normalized flow (g, K)(o) persistently geometrizes the
manifold . Moreover the induced geometrization is the Thurston geometrization

3
iff V(o) | Ving = (=Y (%)) 2.
We need some preliminary propositions.

Proposition 2. Let ¥ be a compact three-manifold. Say go is a H?-Riemannian-
metric on X. Say p € ¥ and 2R < ro(p) where ro(p) is the H?-harmonic radius of
the metric gy at the point p. According to the definition of H?-harmonic radius we
consider a harmonic coordinate system {x} covering By, (p,r2(p)) and satisfying

3 4
L < gok < §5jk, (49)
ol
r2(p) Z ‘ngk do, | <1. (50)
111=2,3:kB, (p.r2(p))
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Then tﬁer@ is €(R) such ?fhat if llg — gOHH%I}(BgQ (.R) < €< e€R) th.e inclusions
id : Hy(Bg,(p, R)) — Hg, (Bg,(p, R)) and id : Hg (Bg,(p, R)) — Hgy(Bg,(p, R))
fori=0,1,2 have norms controlled by € and R.
Proof. Note first the Sobolev embeddings'?

H{lx}(Bgo(p7 R)) — L%x}(Bgo(pa R))a (51)

H{Zx}(Bgo(pr R)) - C?;c}(Bgo(pv R)) (52)
From (51) we see that ||g — 90||C?w}(Bgo (,R)) < € (€ R) with ¢ — 0 as € — 0 (and
R fixed). This in particular implies that

Ci90,ij < 9ij < C290,i5,
where C7 and Cs depend on € and R and tend to one as € — 0 (keeping R fixed).
This proves the inequality
CillUllzz, (Byy 0. R)) < NUNL2(B4 (. 0)) < C2lUllL2 (B4 (p.R)»

for some C7 and C5 dependent on € and R, which terminates the case i = 0. In the
following we will use the notation Cy, C to denote generic quantities depending
on € and R. Let us prove the case ¢ = 1 now. Denote by V and V the covari-

ant derivatives associated to gp and g respectively. Write V = V + I'. With this
notation we have

VU2 =|VU + T = U2 < Co(|VU[2 + T2, 1UI2,)-

Integrating we get

IVU|2dv,

B.qo (PaR)
1 1
2 2

<Oy / VU2 dvg, + / D[,y v, / U3, dvg,
Bgo (p,R) Bgo (p,R) Bgo (PvR)
(53)
It is direct to see from the formula
1
F?j = §(vi(gjm - gO,jm) +V; (Gim — gO,im) - vm(gij - go,ij))gkma

that HF||H% | (Bao (0, 1) — 0 as € — 0. Sobolev embeddings applied to equation (53)
give

IVUIZ2 8,y 0.1y < C2lU T (8,0 0,0

12 1t is crucial that the embeddings are from H?Z}(Bg0 (p, R)) and not from H} {z}(BQO (p, R)).
This is justified by the fact that, in the coordinate system {z} the set By, (p, R) has the cone
property at its boundary (see [9, p. 158]).
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and thus
HU”%{;(B% (pR)) < C2||U||§J;O(Bg0 (p,R))
as desired. Let us prove the other inequality. Write
VU2 =|VU =T« U2, < Ci(|VUZ+ T2 |U[Z).

Integrating we get

|VU|godv90
By, (p,R)
! :
<c, / VU 2du, + / [ duy, / o |,
Bgo(p,R) Byg(paR) Byo(p7R)

Again Sobolev embeddings give
2 77112 2 2
IVUIZ2, By 0.1 < CrUINVUNZ2 (8, (0,11 + 1T (8,0 (0,00 10 V2, (5, (5, 00))-

Moving the second term on the right hand side to the left side and choosing €
sufficiently small'® we have

U2, By p.1)) < CLllU 2 (B4 (0, R))
as desired. The case i = 2 follows easily from the case ¢ = 1. O

We consider now the Einstein flow with zero shift, i.e. we assume we have set
X =0.

Proposition 3. (Continuity of the flow) Say ¥ is a compact three-manifold with
Y(2) < 0. Say (g,K)(k) is a long-time Einstein flow with domain (at least)
[—3,0). Suppose that E1(k) < A where A is a positive constant. We use the nota-
tion (go, Ko) = (9(—3),K(-3)), ko = —3 and V(-3) = Vy. Say p € ¥ and
r2.,(p) > 2R. Then for any € > 0 there is 6k(A, Vo, R) > 0 such that

sup  {[l(g, K)(k) — (9, K)(ko)ll 1z (B, (p,R) < HY (Byo (0, R))} < €
ke(ko,ko+6k] 0 0

Remark 2. i. Proposition 3 would be self evident if we have a priori control on
T2, Over the whole manifold 3. It is not a priori clear how is that the regions
where the harmonic radius (or volume radius) is small may affect the evolu-
tion of the regions where it is not, even in the short time. What Proposition 3
shows is that under an a priori bound in & this influence is not noticeable in
a definite interval of time ¢ = k (depending on &7, vy and R). Note however
that we do not make any claim about the continuity in H} (By,(p, R)) of
the lapse V. As we will remark later the H§20 (Bg, (p, R)) norm of N is indeed
controlled but we do not know whether N satisfies a continuity of the type
claimed for g and K (in their respective spaces). In particular we do not have

13 Note that C; does not blow up as € — 0.
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any estimation (in any norm) of the time derivative of N on By, (p, R) even
for short times. This issue will appear later in Proposition 4.

ii. The Proposition 3 is evidently true if we use the cosmologically normalized
variables (§, K), o and & instead of the variables (g, K), k and &;.

Proof. The crucial fact is to note that there are (R, |[|Ric|[rz2(x)) and €(R,
[Ric||z2(s;)) such that if [[g(k) — go||H§0(ng(p’R)) < € then 7y 4, (0By,(p,R)) > 0.

This result can be easily proved by contradiction or simply invoking the discussion
in [1, see p. 218, p. 227]. Recall that

IRic|[Z> () < C(KV + Qo),

where C is a numeric constant. As a result the H?2-harmonic radius of the region
By () (B, (p, R), 20) is controlled from below by A,V and R asAlong as ||g(k) —
gOHHSO(Bgo (n,r)) < €. Elliptic regularity shows that the norms HKHHEUC)(BQO (p.R))>
HNHH:;(M(BQO (p,R))> ||E0||H;(k)(BQD (p,R)) and ||Bl ||H;(k)(BQO (p,R)) are controlled from
above by A, Vy and R as long as ||g(k) — go||H§0(By0 (»,R)) < € Under zero shift,

the time derivatives of g and K are

g =-2NK,
K =-V?N+N(E - KoK).

Thus ||g.||H§(k)(Bg0(paR)) and ||K.||H;0(Byo(p’R)) are controlled above by (say)

A(A, Vo, R) as long as ||g(k) — gOHHﬁo(Bgo (».R)) < €. Write

k
I96) = 903, 3,y < [ 105, 0
ko

k
1K) = Kally (5,00 < [ 13, 0
ko

By Proposition 2 we can bound ”g.”H?O(Bgo (».r)) by C1 Hg.HHj(k)(Bgo (p,R)) and simi-
larly for the H, ;0 -norm of K. Thus the length §k of the maximal interval [k, ko+9k]
where ||g(k) — 90||H§0(Bgo (»,R)) < € is greater than ¢/(C1A) and similarly for the
H, -norm of K. O

Proposition 4. Let 3 be a compact three-manifold with Y (X) < 0. Assume (g, K)
is a cosmologically normalized long-time flow. Assume too that £ < A with A a
positive constant. Then, for every e > 0 and R > 0 there exists oy such that for
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any o > og and p € ¥ with T2.5(0) 2 4R we have

VK@), 3y < (54)
IRic(o)llzz By (v, 1)) < 6 (55)
||EO(U)|‘%§(U)(B§<g)(p,R)) + ”BO(U)||2L§(0)(B§(g)(p,R)) <e (56)

Proof. The way to prove Proposition 4 is to show that for any R > 0, any sequence
of points {p;}, and any divergent sequences of logarithmic-times {o;} for which
T2,5(0;) = 4R, the norms (54), (55) and (56) (with o; instead of o and p; instead
of p) tend to zero. We will use the terminology “Case 54” for the proof of this on

K and similarly for Ric (Case 55) and Ey, By (Case 56).
Let us start by making some elementary but important observations.

Observation 1. From (the proof of ) Proposition 3 we know that there are {do;}
with |do;| controlled from below by A, V and R (observe that because V is mono-
tonic along the flow we can replace the dependence on V(o;) for the dependence
only on Vy = V(0p) with o some initial logarithmic time) and such that the norms

HR“Hg(c>(35(ai)(pi,2R)) for o € [0,0; + 00;], are controlled from above by A, Vo
and R. It follows from the maximum principle applied to the lapse equation

—Ag)N + |I~((U)\523(U)N =1,
that N (p, o) > No(A, Vo, R) > 0 for p in Bj(o)(pi, R) and for o in [0, 054001
Observation 2. Recall that

d N
%:3/3N—1dv§:3/¢dvg,
b))

=

where (as was introduced in the background) ¢ = 3N —1 is the Newtonian potential
and satisfies —1 < ¢ < 0. If we integrate this equation between o; and o; + do;
(where d0; will be the one in Proposition 3) we get

oi+00;
V(o;) — V(o; + d0;) = =3 / /d)(o‘)dvg(g)d(f
i b))

gi

oi+00;

-3 / / $(0)dvg(o)do.

i Bgoy (Pir2R)

Y

14 The argument is by contradiction. Assume there exists a sequence of states violating the
inequality an obtain a convergent sub-sequence which violated the maximum principle.
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As V(2;) — V(0; + d0;) — 0 when o; — oo (because V is monotonic and greater
than zero) it follows that

u{o € [o;,0;+ d0;]/ / ¢*(0)dvgy | >T}—0,
BE’(Gi)(pNQR)

as 0; — 00, and for any fixed I' > 0.

Let us prove now that ”KHL;%)(BNW)(M 1R)) — 0 as o; — co. Recall that

Y - —3/N|K|§dvg.
2

Integrating in o we have
oi+d00;
V(o;) — V(o + do;) > 3 / / N\fﬂ;dvg.

7 Byop(riiR)
It follows from Proposition 3 and Observation 1 that V(o) can get below its

limit Vo = limy_oo V(o) unless lim, o ”K”LE(Q)(Bmai)(Pia%R)) = 0. Now as

HI:(HHg(gﬁ)(Bg(ﬂi)(pi)gR)) is controlled from above by A, V and R, it follows that if

g
2 - _ _
HKHHgm)(Bgm)(pi,%R)) > M > 0 we can extract a sub-sequence of the pointed
spaces (Bg(aj)(pi,gR),phf](Ui)) converging to a limit space (strongly in H?)

(Bj.. (poo, %R) y Pooy Joo) Where K is not converging to zero which is a contra-
diction. This finishes the case (54).

We use now this result and Observation 1 to get an improved version of
Observation 1.

Observation 3. Local elliptic estimates applied to the lapse equation (in the
¢-variable) R
Ago — K30 = |K[3,
give
plo € loi, 0 + 5Ui]/||¢HH§(U)(Bg(ai)(pi,%R))(0) >T}—0,
as 0; — oo and for any fixed I' > 0. An important consequence of this is that for

any space-like tensors Uy, k = 1,2,3 such that ||Uk||L§(U)(B§(ai)(Pi7%R)) < M for

some M > 0 and for any k = 1,2,3 we have
oi+do;
/ U+ Uy« Vo + Us x V2 dvg(gydo| — 0,

i Bé(ai)(pi’%R)
as g; — OQ.
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Recalling that
Curlgf( = —By,
we conclude that HBO”Lé(ai)(Bé(ai)(l’i:QR)) — 0 (which is “half” the case (56)).
To prove the case (55) we note that it is enough from
Ric; =E+f(+f(of<—%|f<|21

and case (54), to prove that ||E||Lg( (B R)) tends to zero as o; — co. This
(o,

() (Pis
is however more difficult than the cases before. We will study the quantity

/ <Ea I%>§dvga
By(oy) (i3 R)

and its time derivative with respect to logarithmic time. Differentiating with
respect to o we have

/ (B, K)gdvg | "= / (E;K)g + (B, K)g
§(Ui)(pii%R) Bg(gi)(Pm%R)
—(EoK,§); +3(E,K);¢dv;. (57)

To get a more convenient expression of the right hand side of the previous equation
we will use the following expressions for the time derivatives of the cosmologically

normalized variables §, E and K

§ =205 — 6NK, (58)
. VN 5 2 .3
K=-K-¢j—V+¢E+E—NKoK —2K). (60)

We now integrate Eq. (57) in o for o in [0, 0;]. After integration of the left hand
side we have (naturally) the expression

/ (B, K)ydvy | (05 + 601) — / (B, K)ydvg | (o). (61)
Bi(oy) (Pi 3 R) Bi(o) (Pi:5R)

From Case (54) and the bound

[ R ) < UBola ) OV i 5, ) )

?J(Ui)(p"'v%R)
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we get that for any o (in particular for ¢ = o; and ¢ = 0; + do;) we have that
(61) tends to zero as i — oo. Similarly, using either Observation 3, Case (54) or
the By-part of Case (56) we have that all the terms in the right hand side of the
integral in o of Eq. (57), except perhaps the term

oi+d0;
/ | Eo|*dvgdo,
% By(ey) (Pis3R)
tend to zero. Thus we are lead to conclude that this term also tends to zero when
i — oo. We will see now using the Gauss equation that (fB;,m)(m,R) |Eo|*dvg) (o)

tends to zero as ¢ — oo. That would finish Case (56) and Case (55). The argu-
ment is as follows. Consider a fixed, even and positive function f of one variable
x, equal to zero for |z| > % and equal to one for |z| < 1. Consider the function
f(r) where r is the geodesic radius from p; and corresponding to the metric g(o;)
inside Bj(,,)(pi, 2R). Extend f(r) to the space-time in such a way that it is time
1ndependent Consider finally the Weyl field W = fRm. We have

EW :fE07 BW :fBU7
and
Iw ped = (V* f)Rmgpeq.

Thus, the Lg(Bg(gi)(pi, %R)) norm of Fw, Bw and Jw are controlled by A, V)
and R. It follows from integrating the Gauss equation

Q(W):Q( ) — /NQ( )aﬂTTH dvg

=

in ¢ and from o; to o; + do that
[Q(W)(0i + d0) — Q(W)(03)| < A(A, Vo, R)do.
>

Thus if (fB~( iR | Eo|2dvz) (o M > 0 we can choose do such that for all o

(o)
in [0, 04 + d0] it is Q(W)(o) > 4 > 0. But we have

QW) = 2(|EO\2 + | Bo[?)dug,

Byop(pi3 R

2

A\

and we know from the By-part of Case (56) that

lim sup / f?|Bo|*dvg | (o) p — 0,
7i =X 5clo;,0+60]
Bj(oy) (pi-3 R)



1592 M. Reiris Ann. Henri Poincaré

when i — oo. Therefore, if o; is big enough

M
[ b |02
Bitop (pi:3 R)
for any o in [0;, 0; + do] which would contradict that

oi+d0;
/ ‘E0|2dvgd0',

7i Bg(ai)(Pi,%R)
tends to zero as o; tends to infinity. O

We are ready to prove Theorem 4. The proof goes essentially along the same
lines as the proof of the geometrization of the flow given in [15] for long-time flows
under C¢' curvature bounds. We repeat it here for the sake of clarity.

Proof (of Theorem /). We prove first there is a divergence sequence of logarithmic
times {o;} with (Z%, (9, f()(al)) converging to U=" (H;, (Gu.i, —gm,:)) (weakly in
H?). Introduce a new variable j = 1,2,3,.... For j = 1 find a sequence {0y ;} with
(31,G(01,4)) convergent weakly in H2. For j = 2 find a sub-sequence {oa;} of
{01} with (312, §(02,)) convergent in the weak H? topology. Proceed similarly
for all j to have a double sequence {o;;}. Now, for the diagonal sequence {o;;},
($1/%,§(0i4)) converges into a union of Riemannian manifolds of finite volume,
denoted as U, (M, oo, ). By Proposition 4, IN{(J”) converges strongly to —gec.,
in H'. Also by Proposition 4 we get that each metric §s, is hyperbolic and the
convergence is in the strong H2-topology. Therefore, as there is a lower bound for
the volume of complete hyperbolic manifolds of finite volume and the total volume
of the limit space is bounded above, there must be a finite number of components,
and we can write U, (M,, §oo.,) = UIZH(Hy, G i)-

We prove next that each component (Hj,gm,;) is persistent. For simplicity
assume there is only one component and therefore (X'/%, (0, ;)) converges in the
strong H?2-topology to (H,gg). There are two possibilities according to whether
the component is compact or not, we discuss them separately.

1.(The compact case) Assume (H, gg) is compact. Consider the space of met-
rics My in H. For every metric g consider the orbit of g under the diffeomorphism
group (of H3-diffeomorphisms). Denote such orbit by o(g). Around g consider a
small (smooth) section S of My (made of HZ, metrics) and transversal to the
orbits generated by the action on My of the diffeomorphism group.'® If ¢ is suf-
ficiently small every metric g in My with ||g — gu|| HZ, < ¢g can be uniquely pro-
jected into S by a diffeomorphism, or in other words we can consider the projection

15 Which particular section is taken is unimportant. One can use for instance S = {g/id :
(H,g) — (H,gg)} is harmonic (see [5,11]).
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P(g) = 0o(g)NS. Note that one can project every flow of metrics §(¢) starting close
to gm, to a path P(g(t)), until at least the first time when ||P(g(t)) —§H||H§H =€
or in other words until at least when the projection touches the boundary of the
ball of center gz and radius €y in HZ, (denote such ball as B(gu, €0))-

Recall Mostow rigidity.'°

Mostow rigidity (the compact case). There is e; such that if P(g}) €
B(gm,€1), where g% is a hyperbolic metric in H then P(g}) = gu.

Fix €3 = min{ep, €1 }. Observe that as g,, , — gu in H? there is a sequence
of diffeomorphisms ¢; such that ¢;(g(o;;)) converges to gy in HgH. Now, if
the geometrization is not persistent there is € < €5 and iy such that if i > io
then P(¢}(g(0))) is well defined for ¢ > o;,; until a first time o;; + 7; when
P(¢r(§(0is + T3))) is in OB(gu,€2). But we know the sequence of Riemannian
manifolds (H, P(¢}(g(oi; + Ti)))) converge in H? to gy, and that means by the
definition of H? convergence and Mostow rigidity that there is a sequence of diffe-
omorphisms ¢; such that P(p; (P (¢ (g(0i: +T3)))) converges to gy in HZ . This
contradict the fact that P(¢}(§(os; + T3))) is in OB(gy, €2).

2. (The non-compact case). The proof of this case proceeds along the same
lines as in the compact case but special care must be taken at the cusps.'” Let
us assume for simplicity that there is only one cusp in the piece (H, gg). Given
A sufficiently small there is a unique torus transversal to the cusp, to be denoted
by T%, of constant mean curvature and area A. Denote by H4 the “bulk” side of
the torus 7% in H. Consider the set My, of metrics § on H4 such that § = gy
on By, (T5,1). Consider the action of the diffeomorphism group (of H3-diffeomor-
phisms) on My, and leaving By, (T3, 1) invariant. Again the orbit of a metric g
will be denoted by o(g). Consider a small (smooth) section S of My, transversal
to the orbits of the action by the diffeomorphism group mentioned above. Finally
consider the projection P(§) = o(§)NS which is well defined on a ball B(g, ) for
€0 small enough. Observe again that a flow of metrics §(t) in My, can be projected
into S until at least the first time when P(g(t)) is in 0By, (§u, €0). Slightly abus-
ing the notation (as we would require a pointed sequence) consider the sequence
(2,3(0i4)) converging in H? to gg. There is a sequence of diffeomorphisms (onto
the image) ¢, , : Ha — X such that [¢7,  (g(0i:)) — §H||H§H converges to zero.

Note that if we have a map ¢, : Hqa — X such that ||¢%g(c) — §H||H§ < 2¢ for
H

e sufficiently small then we can deform ¢ g(o) to a metric S(¢%g(c)) in My, in

16 Mostow rigidity states that any two hyperbolic metrics on a compact manifold are necessarily
isometric. What we state as Mostow rigidity here is an obvious consequence of this fact. For
the notions on hyperbolic three-geometry that we will need we refer the reader to the beautiful
survey by Gromov [10]. Most of the treatment of hyperbolic three-geometry we will perform here
goes in parallel to a similar analysis in the Ricci flow in [11].

17 Tn [15] we have used CMC tori (transversal to the cusp) of a given area to compare (in a
unique way) the Riemannian spaces (H, gg) and (X, §(c)) (see [15] for details). If (o) is close
to g only in HgH the CMC tori of a given area and transversal to the tori may be difficult to
guarantee. It is for this reason that (see later in the text) we smooth out the metrics §(o) near
the regions where “the CMC tori of a given area would be”.
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such a way that (a) S(¢5g(0)) = ¢%g(c) on Heaa, (b) inside (He2q — Heay) the
metric S(¢%g(o)) is chosen to minimize the L%(wg((j))—norm of the traceless part
of its Ricci tensor. Note the following elementarygfact: if € is chosen small enough
and we have a diffeomorphism ¢ : (Ha, gn) — (%,g) with ||¢5g — §H||H§H < 2
and ¢*g is isometric to gy then the new metric S(¢*g) is the deformation of gy
by a diffeomorphism on H 4 (we will recall this note later as note N).

We note now the following crucial facts (justified below).

i. For all A > 0 but sufficiently small there exists oy and €y such that for all
€ < ¢ and 01 > 0y if there exists ¢y, : Heaq — ¥ with [[¢} G(o1) — §H||H§H <e

then there exists ¢y, : Ha — X with [|¢}, G(01) — gul g2 < 2e. Note that in this
9H

case S(¢%g(0)) is well defined.

ii. From i. we conclude that if we have ¢,, : Hqa — X with satisfying: (a)
o5, g(o1) — §H||H§H < 2¢, (b) the restriction of ¢o, to Heay with [[¢} g(o1) —
gulluz (1.4, <€ (©) |P(S(05,9(01)) = gullz < € then ¢ : Hy — % with the
properties (a) and (b) exist for o > o1 (and varying continuously) until at least
the first time oy for which ||[P(S(¢},9(02))) — gHHHgH =e

Let us justify now claim i. Recall Mostow rigidity.

Mostow rigidity (the non-compact case). There is Ag such that for any A < A,
there is €y such that if (X', ¢};) is a complete hyperbolic manifold of finite vol-
ume and ¢ : Hy — X' is a diffeomorphism onto the image satisfying ||¢*(g%) —
§H||H§H < ¢g then (¥, g/;) is isometric to (H, gg).'®

The justification of i. follows straight from Mostow rigidity. Indeed pick any
A such that e?4 < Ay and € < ¢y as in the Mostow rigidity statement. Suppose
there exists a divergent sequence {o;} and a sequence of diffeomorphisms onto
the image ¢5, : Heag — ¥ such that [|¢} g(o;) — §HHH§H < € but such that it

cannot be extended to a diffeomorphism ¢,, : Ha4 — ¥ with ||(;_Sj§l - §H||H§H < 2e.

We can extract a (pointed) sub-sequence of {(X, g(o;)} converging to a complete
hyperbolic metric of finite volume, which, by Mostow rigidity and the choice of A
and e must be isometric to gy . Therefore for o; sufficiently big the diffeomorphism
b,, can be defined which is a contradiction.

Now from facts i. and ii. we get that, if the geometrization (H, gy ) is not
persistent there is € < ¢y and ¢ such that if ;; > o then P(S¢%(g§(0))) is well
defined for ¢ > o;; until a first time o;; + T; when P(S(¢;g(0;; + T;))) is in
OB(gm,€). Now the sequence ¢ (§(o; ;+T;)) has a sub-sequence converging in H>
to a complete hyperbolic metric of finite volume. Again as in the compact case,

18 The justification of this claim is as follows. According to the Mostow-Prasad rigidity ¢’ and
g will be isometric if we can prove that X/ is diffeomorphic to H. If € is chosen small enough
this is equivalent to show that the number of cusps of ¥ and ¥’ are the same. This follows from
the Margulis lemma [10] and the fact that if ||¢*g’ — §H||H§H < € then [|¢*g’ — gH”C% < Ce

i
where C' is a numeric constant.
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by Mostow rigidity it must be converging in H? to gg. Therefore (recall note N)
P(S(¢%g(0))) must be converging to a metric on H4 which is a diffeomorphism
of gy contradicting the fact that P(S(¢}(g(0i: +T3)))) is in Bg, (Gu, €2)-

To finish the proof of the persistence of the geometrization one still needs to
show that the compliment of the persistent pieces (H;, §m ;) is the G sector or in
other words that for any € > 0, (£°(0), g(o)) converges to the e-thick part of the
persistent pieces (H;, Gu,;). The proof of this fact follows by contradiction. If this is
not the case one can extract a divergent sequence of logarithmic times containing
an H-piece different from the pieces (H;, Gr,;). One can prove again that this new
piece is persistent leading into a contradiction for if persistent, the piece must be
one of the pieces (H;, gm,i) by the way these pieces are defined. O

3.2. Stability of the flat cone (Case Y (X) < 0 (I)-ground state)

In this section we will prove the stability of the Case Y (X) < 0 (I)-ground state.
Namely, we will show that a cosmologically normalized flow (g, K ) over a hyper-
bolic three-manifold ¥, with initial data (g, K)(co) close (in H? x H?) to the
ground state (g, —gm), converges (in H® x H?) to the ground state (gg, —gm)
when o — oo. This stability has been proved by Andersson and Moncrief in [5]
(for rigid hyperbolic manifolds ).

Theorem 5. (Stability of the flat cone). Let ¥ be a compact hyperbolic three-
manifold. Then, there is an € > 0 such that the cosmologically normalized CMC
flow (3, K)(0) of a cosmologically normalized (H* x H?) initial state (go, Ko) =
(§(00), K(00)) with & (00) + (V = Ving) < €, converges in H3 x HZ, (and for a
suitable choice of the shift vector X) to (gu,—gm) (the standard Case Y (X) < 0
(I)-ground state).

Remark 3. As it is stated Theorem 5 gives few information about the shift vector
X. This inconvenient can be remedied if, as in [5], X is chosen in such a way that
for every o the identity id : (X, g(0)) — (3, gn) is a harmonic map (the spatially
harmonic gauge [5]). Full control of the evolution of the shift vector X can be
obtained in this case.

We begin with a preliminary Proposition.

Proposition 5. Say X is a compact hyperbolic three-manifold. Fix vy > 0 and
Vo > Ving. Then, for every € > 0 there is 0(e,vy, Vo) > 0 such that for every
cosmologically normalized state (§, K) with v > vy, V < Vy and \|KHL§ + Q<9
we have V — Vipr < €.

Proof. Tt is enough to prove that any sequence (g, K) (we will forget about putt-

ing sub-index) with ||K||L§ + Qo — 0 has a sub-sequence converging in H? to gy.

19 The rigidity condition is a somehow mild restriction. We remove it with an appropriate use
of the reduced volume. The core of the proof is essentially the same as in [5].
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From Proposition 8 in the Appendix we have (for arbitrary states (g, K))
3
. . N 1
JAVRE & 0w, | <0 (MIK]z +0F).
M

Thus ||I2(||L§ — 0 as ||IQ(||L§ + Qo — 0. From this and
— 2 2 2 1 =2
Rng:E+K+KoK—§|K|2~,

we get that H].:/{-I\Cg” rz — 0. Moreover from the energy constraint we get
|Rs + 6]z — 0. As V is bounded above and v bounded below, there is a sub-
g

sequence of (§, K) converging (in H?) to gg. Thus V — Vipj. O

Proof (of theorem 5). Recall from Theorem 3 (and elliptic estimates) that for any
€ > 0 there is 6 > 0 such that if for a cosmologically normalized state (g, f() it is
&1+ (V = Ving) < § then there is a diffeomorphism ¢ such that (¢*(7), ¢*(K)) is
e-close to (gg,—gg) in HS’H X HgH. One can also find § > 0 such that in addi-
tion the L£°-norm of the deformation tensor Il,, = VT, (with respect to the
CMC foliation) is less than e. It is direct to see [5] that this implies the following
inequality for the evolution of &

0,6 <~ (2- Céﬁ) &. (62)

Thus, this inequality and the monotonicity of the reduced volume show that,
as long as the flow is defined it will remain close in H?® x H? to the ground
state? (and thus the volume radius is controlled). As there is a lower bound
for the time interval for which flows are defined if the initial data is close in
H? x H? to the ground state?’ we conclude that the flow is a long-time flow.
Note that the argument is independent of the shift X. One may well take the
zero shift X = 0. Now, it is clear from Eq. (62), that £& — 0 as the logarithmic
time diverges. To show that (up to diffeomorphism) the flow (g, K) converges (in
H3, xHZ, ) to (g, —gm) it remains to prove that ¥ —V;,; — 0. By Proposition 5
if V() — Ving > T > 0 for all o (observe that V is monotonically decreasing) it

must be ||K\|L§(U) > M > 0 (for some M > 0) for all ¢ > oy. If € is chosen

small enough it must be ||[N (o) — ||pe < £ for all o > 0¢. The equation for the
evolution of the reduced volume
ay < 2
o= —3/N|K\2du§7 (63)
=

20 Note again, as was explained at the end of the Introduction, that here “close in H® x H?”
means close up to diffeomorphism.

21 See Theorem 1 in [16] for more details and also [5] for a continuity criteria in the harmonic
gauge.
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shows that if ||K||L§ (0) > M > 0 for o > oy then V — Vj,,y must go below zero
after some time which is a contradiction. O

4. Hyperbolic Rigidity, Ground States and Gravitational Waves

There are several theoretical reasons to believe that the reduced volume V should
decrease to its infimum Vi = (—%Y(Z)) 2 at least for solutions in the family of
long time solutions having a uniform bound on ;. It may be possible (see [15]) to
prove this claim for long time solutions having uniform bounds on the C'g-norm of
(the electric and magnetic parts of the) space-time Riemann tensor. Proving the
claim for solutions in the family of long-time solutions having a uniform bound in
&1 could be a task of much greater difficulty. In this section we present various
facts and arguments pointing to the validity of this claim.

According to Margulis, hyperbolic cusps are rigid in the following sense: if a
complete hyperbolic metric gz on a manifold R x T2 is close enough to a hyper-
bolic cusp metric o = dz? + e**gp2 over a domain 2 = [—a,c0) x T? with a
positive and big enough, then g is isometric to go.

Consider the following spaces

DC={§on RxT?/R;>—6, §~ gr when x — oo andg§ ~ jr when  — —oo},
SC ={jgeon DxS'/R; > —6, and g ~ §s,g when z — oo},

where DC' accounts for “double cusps” and SC for “single cusp”. gr and g are
two arbitrary but fixed hyperbolic cusp metrics on the (right and left) ends of
R x T? and gs,r is an arbitrary but fixed metric on the (right) end of D x S (D is
the unit two-dimensional disc). Consider now two cosmologically normalized flow
(gDC,f{DC) and (gsc, K’SC) over R x T2 and D x S! respectively and with §pc
in DC and gsc in SC (see Fig.4). As the states evolve one may argue that they
lose “energy” (actually they lose reduced volume) by the emission of cylindrical
gravitational waves?? at the ends of the cusps. According to Margulis the states
would settle into the infinite double cusp (for the flow (§pc, Kpc)) or the infinite
single cusp (for the flow (gsc, K sc)) if it were the case that these configurations
are V-rigid. This is indeed true for the double cusp (a ground state) but false for
the single cusp (a non-ground state) in the following sense.

Proposition 6. Consider the set of metrics g in DC with g ~ gr*® for x € [ag, o)
and § ~ gr, forx € (—oo,ar]. Call Vg the volume of gr on the region (—oo, ag]xT?
and similarly for the left cusp (V). Then the volume of § on the region [ar, ar] xT?
18 strictly greater than Vi + Vg.

22 In the definition of the sets DC' and SC we can assume the metrics § are T?-symmetric. That
would justify the statement that the system emits cylindrical gravitational waves.
23 A precise meaning for ~ can be given.
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M, Waves.
* Grawe'Waves
/’_\ —-

Time evolution.

Time evolution.

Grav.Waves.
Grav/Waves

—— R —
—

Double cusp. Single Cusp

FIGURE 4. The (conjectural) evolution of the Double Cusp and
Single Cusp.

Proposition 7. Consider the set of metrics g in SC with § = gs,r for x € [ar, 00).
Call Vg the volume of gs.r on the region (—oo,ar| X T2. Then there exist met-
rics § as described above and having volume inside the region (—oo,ag] x T? less
than Vg.

A proof of Proposition 7 and an explicit construction of such metrics is given in [13]
(the metrics are indeed T2-symmetric). It can be seen analytically (and numeri-
cally) that as time evolves the evolution of the (Yamabe) initial states (go, —go)
described in [13] actually separates from the single infinite hyperbolic cusp (as it
should be).
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Appendix

We begin by recalling a useful formula from [7]. Let V' a symmetric traceless (2, 0)
tensor with

(div V), = V, V2 = p,

1
(curl V) = §(€almvlvmb + fblmvlvma) =0,

then
1 1
/\VV|2 + 3(Ric, Vo V) — 5R|V|2 = / lo|? + 5|p\2. (64)
2 2
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Proposition 8. Say ¥ is a compact three-manifold. Then Qo and |k|?||K||2, control
9
HVK”QLg, ||K||‘i;1 and ||Ric||2,. More in particular we have

(M/ 2AVKP +|K|'dv, | < (Il + Q5 ), (65)

where C is a numeric constant.

Observe the absence of the volume in Eq. (65) and that all norms involved are
intrinsic.

Proof. Substituting Ric=E —kK + KoK, K = K+ £gand V = K in Eq. (64)

we get

. 5
/|VK\2+§|K|4— (K,K oK) — —|K|2+3<E K o K)dv, = /|B\ do,.

This equation gives the bound

/ VEP + [K'dvy < C / (EPIEP + KK P + |RP|E| + | B[2)dvy,  (66)
> >

Observe now that the inequalities
1
2

/ KP(EP + B d, < / Kldv, | Q¢

1
2 2

/ K Pdv, < / R Pdv, / Ko, |

P 2 P

transform Eq. (66) into
A A A 1 A A
VK + 1K1 — € (KK Nz + Q3 ) K13 — CORPIE I + Qo) <0
Now make 2% = 2 [, VK| +|K|*dvy, a = (|k3H|KHL§ + Qé) in the last equation.
We get
2?2 — Cax — Ca® < 0.
Solving for x in the inequality above we get Eq. (65) which finishes the proof. O

The next proposition relates || K| rz with V — Vi or V depending on the
signature of the Yamabe invariant Y (X).
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Proposition 9. Say ¥ is a compact three-manifold. Then
i) if Y(2) >0, k2[5 |K[dv, < ClE[2Vz([5 | K[*dv,)?,
i) 3 Y(2) =0, [kf? fy |K[2dv, < ClRF(V = Viup) (Jy KT, )",

[N

N|=

iii) if Y(X) <0, |k [, |K|?dvy, <C Qk(V—vmf)+|k|é(V—vmf)é (fz |f(|4dvg>

)

where C is a numeric constant.

Proof. 1) and ii) (Y(X£) > 0 or Y(X) = 0). This is immediate from the formula

2

2 [ 1P, < K3 (PVOI)? | [ 1K,
% )

iii) V() < 0. Assume k& = —3 and let gy be the unique Yamabe metric of con-
stant scalar curvature Ry = —6 in the conformal class of g. If ¢ = ¢*gy then ¢ is
determined by

Ry 1 . - 1
-A —¢— -9 K|} + —=k*¢° =0 67
w b+ "6 = SR + BT =0, (67)
where A = V2. The maximum principle implies (putting the values Ry = —6 and

k = —3) that
6(Guin — bmin) = dpin| KI5 > 0,
which makes ¢ > 1. Then observe that
Y (%) < 7Ry(/1 dvy )3,
5

where dvy = dvg, . This gives

[S[)

0<6% | [ ¢S —1dvy | <63 [ ¢°doy — (-Y(X))
/ /

o

2 2 3
= <3k2Vol(E)3) — (Y (%))=.
Therefore

/(¢ — Dfdoy <CV — Viug),
5

for k =1,...,6. Integrating Eq. (67), we get

6 / (° — d)dvy = E/ 63K duy. (68)

P
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Observe that

/ 62K duy
b

/ 60| KJ2 duy
>

/ 63K doy + / (6~ D6 3K duy
>

>
and
/ (6~ D)p3|K2 duy = / (6 — )¢~ |RIZ doy
> >

2

2
< /(qs —1)%2¢* doy /¢—1O|f<|4y doy | . (69)
> by

On the other hand note that

/<¢—1)2¢4 doy s/|¢6—1|+2|¢>5—1\+|¢4—1|deSCW—vmf). (70)
b

»
Putting together Eqgs. (68),(69) and (70) we get
. I
IKI3; < C((V=Ying) + (V= Vi) IR, ), (71)
which after scaling finishes the proof. O
Combining Propositions 8 and 9 we get
Proposition 10. Say X is a compact three-manifold. Then if Y (X) > 0 we have
/2\w%|2 K[ dvy < CKIV + Qo)

b
while if Y(X) < 0 we have

/2|vf(|2 + 1KMoy < CEIY = Ving) + Qo).
3

where C 18 a numeric constant.
We also get

Proposition 11. Say ¥ is a compact three-manifold. If Y (X) > 0 we have

[ Pav, < € (1Kv -+ (hivao?).
>
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while if Y(X) < 0 (same for Y(X) = 0 than for Y(X) < 0)

1 vy < € (V= Ving) + (KO = Viar)Qu) -
b))

where C' is a numeric constant.
Proof. Combine equations in Proposition 9 and Eq. (65). Making = =
k|| K2 and a = |k|2(V = Vipg)2 if Y(E) < 0 or a = |k|2V if V() > 0 we
1
arrive at the inequality 22 — Caz — Ca? — CaQ? < 0. From it we get z? <
1
C(a® +aQg). O
A direct consequence of the propositions above is

Proposition 12. Say X is a compact three-manifold, then V, |k| and Qg control
[Ric|zz. In particular we have

IRic|2; < C(KY + Q).
where C 18 a numeric constant.

Proof. Use Ric = E — gf( + KoK — %|f(|2g together with the Propositions 8
and 9. 0

Using the energy constraint R = |K |2 — %k;Q and Proposition 10 we get

Proposition 13. Let ¥ be a compact three-manifold. Then, V, |k| and Qo control
the scalar curvature in the following way

/|VR|% + R2dv, < CKV + Qo),
b

where C is a numeric constant.

Note that |[VR|3 and R? scale as a distance .

Proof. Squaring the energy constraint and integrating we obtain

S 4
/Rdeg < /|K|4 + 5K, < CORY + Qo)
b )

where in the last inequality we have used Proposition 10. On the other hand, dif-
ferentiating the energy constraint we have |[VR|: < C|VK|3|K|3. Integrating and
applying the Holder inequality we obtain

%
/|VR|%dvg <C /\vk|2dvg /|f<\4dug ,
> > >

(SN
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and if we apply Proposition 10 over each one of the factors on the RHS of the last
equation we obtain

/\VR\%dvg < CKY + Qo),
>

as desired. O
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